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Abstract. A toric face ring, which gencrahzes both Stanley-Rcisner rings and 
affine semigroup rings, is studied by Bruns, Romer and their coauthors recently. 
In this paper, under the "normahty" assumption, we describe a duaUzing complex 
of a toric face ring i? in a very concise way. Since R is not a graded ring in general, 
the proof is not straightforward. We also develop the squarefree module theory 
over R, and show that the Buchsbaum property and the Gorenstein* property of 
R are topological properties of its associated cell complex. 

1. Introduction 

Stanley-Reisner rings and (normal) affine semigroup rings are important subjects 
of combinatorial commutative algebra. The notion of toric face rings, which orig- 
inated in Stanley [12], generalizes both of them, and has been studied by Bruns, 
Romer, and their coauthors recently (e.g. [21E1IH])- Contrary to Stanley-Reisner 
rings and affine semigroup rings, a toric face ring does not admit a nice multi- 
grading in general. So, even if the results can be easily imagined from these classical 
examples, the proofs sometimes require technical argument. 

Now we start the definition of a toric face ring. Let A* be a finite cell complex 
with G A". Assume that the closure a of each i-ce\l a G A* is homeomorphic to 
an i-dimensional ball, and for given two cells a,T & X there exists t; G A" with 
a r\T = V (we allow the case t; = 0) . A simplicial complex and the cell complex 
associated with a polytope are examples of our X. 

We assign a pointed polyhedral cone C M*^"^ to each a E X so that the 
following condition is satisfied. (We say a cone is pointed if it contains no line.) 

(*) dim Co- = dimo" + 1, and there is a one-to-one correspondence between 
{ faces of Ca } and {t & X \ t G a}. The face of corresponding to r is 
isomorphic to Cr by a map L^^r Cr ^ C^- These maps satisfy l^^^ = idc^ 
and Lcr^T o i-T.v = i-a,v foT all cr,T,v E X with a D T D v. 

For example, a pointed fan (i.e., a fan consisting of pointed cones) gives such a 
structure. Here io-.r's are inclusion maps, and is a "cross-section" of the fan. 
Next we define a monoidal complex M. supported by {Co-}o-g;f as follows. 

(**) To each a G A", we assign a finitely generated additive submonoid Mg- C 
(Z^- n Co) C W^- with M>oM^ = C^. Yoi a,T e X with a D r, the map 
i^,^ : Cr ^ Ca induces an isomorphism = fl io,r(C'r) of monoids. 
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If S is a rational pointed fan in M", then { Z"nC}cgs gives a monoidal complex. 

For a monoidal complex on a cell complex A', we set \A4\ := lim M^., where 
the direct limit is taken with respect to ia-,T '■ — Mo- for a,T G X with a D r. 
If Ai comes from a fan in M", then \Ai\ can be identified with IJ^^^ Mo- C Z". 
The k-vector space 

lk[A^] := kt", 

ae|A1| 

with the multiplication 

fb _ U^^'' if a, 6 G Mo for some a e X; 
] otherwise, 

has a k-algebra structure. We call k[Ai] the toric face ring of A^. If comes 
from a fan in M", then k[Ai] has a natural Z"-grading. However, this is not true 
in general (cf. Example 12.91 below). 

Example 1.1. (1) Let A be a simplicial complex. Attaching the monoid to 
each i-dimensional face of A, we get a monoidal complex on A. In this case, 
k[Ai] coincides with the Stanley- Reisner ring k[A]. An affine semigroup ring is also 
a toric face ring corresponding to the case when X has a unique maximal cell. 

(2) Let A" be a two-dimensional cell complex given by the boundary of a cube. 
Assigning normal semigroup rings of the form k[x,y, z,w]/{xz — yw) to all two- 
dimensional cells, we get a toric face ring k[Al]. This Ai comes from a fan, and 
k[M.] has a Z^-grading with Mo = Z^ fl for all a G X. (Find such a grading 
explicitly.) Next, we assign k[x,y, z,w]/{xz — yw) to 5 two-dimensional cells and 
k[x, y, z, w, v]/ {xz — v"^, yw — v"^) to the 6*"^ one. Then we get a toric face ring k[Ai'], 
which is observed in [21 pp. 6- 7]. While k[Al'] admits a Z^-grading and all k[M^] is 
normal, it is impossible to satisfy M^ = Z'^ fl C^- simultaneously for all a. A toric 
face ring without multi-grading is given in Example 12.91 




The affine semigroup ring k[Mo] := 0agM "^^^ t)e regarded as a quotient 
ring of a toric face ring R := k[A^]. In the rest of this section, we assume that 
k[Mo] is normal for all o" G ^Y, and set d := dimi? = dim A" + 1. 

Theorem 1.2. In the above situation, the cochain complex given by 

Ir--= k[M.], Ir-.O^Ir'^Ir'^'^ >I'r^O, 

dim cr=i—l 
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and 

dimk[T]=i— 1, dimk[r]=j— 1, 

is quasi-isomorphic to a normalized dualizing complex D'^ of R. Here the sign ± 
is given by an incidence function of the regular cell complex X . 

Clearly, our is analogous to the complex constructed in Isliida [^j, but, since 
we assume that all Ik:[Mo-] are normal, we do not have to take the (graded) injective 
hull of k[MCT]. If M. comes from a fan in M", the above theorem has been obtained 
in [HI Theorem 5.1] using the Z"-grading of R. 

We also introduce the notion of ZA^-graded i?-modules. Since R is not a graded 
ring, these are not graded modules in the usual sense, but we can consider their 
"Hilbert functions". In particular. Corollary 16.31 which recaptures a result of [1], 
gives a formula on the Hilbert function of the local cohomology module H^{R) at 
the maximal ideal m := (t" | 7^ a G \M \ ). 

In [T^ [TB] , the second author defined squarefree modules M over a normal semi- 
group ring lk[Mo-], and gave corresponding constructible sheaves M"*" on the closed 
ball a. We can extend this to a toric face ring R, that is, we define squarefree 
i?-modules and associate constructible sheaves on X with them. In this context, 
the duality RIIomi?(— , /^) on the derived category of squarefree i?-modules corre- 
sponds to Poincare-Verdier duality on the derived category of constructible sheaves 
on X. For example, the complex consists of squarefree modules, and is 
the Verdier's dualizing complex of the underlying topological space of X. 

Corollary 1.3. The Buchsbaum property, Cohen- Macaulay property and Goren- 
stein* property are topological properties of the underlying space of X . 

For instance, both k[A4] and k[7W] of Example 11.11 (b) are Gorenstein*. While 
some parts/cases of Corollary 11.31 have been obtained in existing papers, our argu- 
ment gives systematic perspective. 

2. TORIC FACE RINGS 

First, we shall recall the definition of a regular cell complex: A finite regular cell 
complex (cf. ^ Section 6.2]) is a topological space X together with a finite set X 
of subsets of X such that the following conditions are satisfied: 

(1) (/}eX^ndX = [j^^^a; 

(2) the subsets a E X are pairwise disjoint; 

(3) for each a G A", a 7^ 0, there exists some i G N and a homeomorphism from 
an i-dimensional ball {x G | ||a;|| < 1} to the closure a of a which maps 
{x G I ||x|| < 1} onto a. 

(4) For any a E X, the closure a can be written as the union of some cells in 
X. 

An element a E X is called a cell. We regard as a poset with the order > 
defined as follows; o" > r if a D r. If a is homeomorphic to an z-dimensional ball, 
we set dim cr = i. Here dim0 = —1. Set dimX = dim A* := max{ dim a | cr G }. 
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Let cr, r G X. If dim a = 2 + 1, dimr = i — 1 and r < a, then there are 
exactly two cells o"i,(T2 G X between r and cr. (Here dimo"i = dim(T2 = i.) 
A remarkable property of a regular cell complex is the existence of an incidence 
function e satisfying the following conditions. 

(1) To each pair (cr, r) of cells, e assigns a number £(cr, r) G {0, ±1}. 

(2) 6{a, r) 7^ if and only if dimr = dim cr — 1 and r < a. 

(3) If dim cr = i + 1, dimr = i — 1 and r < ai, a2 < cr, cti 7^ cr2, then we have 

e{a, cTi) e{ai, r) + e(cr, ^2) e{a2, r) = 0. 

We can compute the (co)homology groups of X using the cell decomposition X and 
an incidence function e. 

Example 2.1. We shall give two typical examples of a finite regular cell complex: 
one is associated with a simplicial complex A on the vertex set [n] := {1, . . . , n}, 
i.e., a subset of the power set 2["1 such that, for F, G G 2["1, F C G and G G A 
imply F G A. Take its geometric realization ||A||, and let p be the map giving the 
realization (see ^ for the definition of a geometric realization). Then X := ||A|| 
together with { rel-int(p(F)) | F G A } is a regular cell complex, where rel-int(p(F)) 
denotes the relative interior of p{F). 

The other example is a polytope P. In this case, P itself is the underlying 
topological space; the cells are the relative interiors of its faces. 

Definition 2.2. A conical complex consists of the following data. 

(1) A finite regular cell complex X satisfying the intersection property, i.e., for 
a,T E X, there is a cell v E X such that v = a Ht; 

(2) A set S of finitely generated cones C with a E X and dimG^- = 
dimcr + 1. 

(3) An injection l^^^- : Cr —>■ C„ for a, r G A" with cr > r satisfying the following. 

(a) L^^r can be lifted up to a hnear map Rdimr+i _^ Rdima+i^ 

(b) The image ^^^(Gt-) is a face of Go-. Conversely, for a face G' of C„, there 
is a sole cell r with t < a such that icr,T{Cr) = C . Thus we have a one- 
to-one correspondence between { faces of } and {r E X \ t < a}. 

(c) i(j,a = idca '■o-,T o t'T,v = La,v for cr, r, G A" with a > t > v. 
We denote this structure by (S, X) or S simply. 

Remark 2.3. (1) We have E X according to the definition of a regular cell 
complex, and the corresponding cone G0 is {0}. Thus for a conical complex (S, X), 
each Go- G E is pointed, i.e., {0} is a face of Go. 

(2) The concept of conical complexes was first defined by Bruns-Koch-Romer [5] 
in a slightly different manner, but, under the additional condition that each cone 
is pointed, their definition is equivalent to ours. That is, our conical complexes are 
pointed conical complexes of [3] . 

For grasping the image of a conical complex CEjX), it is helpful to regard the 
conical complex as the object given by "gluing" each cones along the injections io-,T- 
A typical example of a conical complex is a pointed fan, i.e., a finite collection S 
of pointed cones in M.^ satisfying the following properties: 
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(1) for C" C C G S, C" is a face of C if and only if C E S; 

(2) for C,C' eT., C n C is a common face of C and C . 

In this case, as an underlying cell complex, we can take { rel-int(CnS"~^) | C G S }, 
where S""^ denotes the unit sphere in M", and the injections l are inclusion maps. 

Example 2.4. There exists a conical complex which is not a fan. In fact, consider 
the Mobius strip as follows. Regarding each rectangles as the cross-sections of 



3-dimensional cones, we have a conical complex that is not a fan (see [3]). 

A monoidal complex plays a role similar to the defining semigroup of an affine 
semigroup ring. 

Definition 2.5 ([Sj). A monoidal complex M. supported by a conical complex 
(S, X) is a set of monoids {Mo-}o-gAr with the following conditions: 

(1) Mo- C for each a E X, and it is a finitely generated additive 
submonoid (so Mg- is an affine semigroup); 

(2) Mo- C C„ and M>oMo. = for each a E X (hence the cone is automat- 
ically rational); 

(3) for a,T E X with cr > r, the map io-.r '■ Cr ^ Co- induces an isomorphism 

= M,^ n Lo^r{Cr) of monoids. 

For example, let S be a rational pointed fan in M". Then {CnZ"|CGS} 
gives a monoidal complex. More generally, a family of affine semigroups 
I C G S } satisfying the following conditions, forms a monoidal complex; 

(1) M>oMc = C for each C g S; 

(2) Mc7 n C" = Mc for C, C G S with C C C. 

Remark 2.6. (1) In |2l §2], basic properties of a rational polyhedral complex, which 
gives a conical complex and a monoidal complex in a natural way, are discussed. 

(2) Even if a regular cell complex X satisfies the intersection property, there does 
not exist a conical complex of the form (S, X) in general. For example, there is a 
simplicial complex A such that the geometric realization 1 1 A 1 1 is homeomorphic to 
a 3-dimensional sphere, but A is not the boundary complex of any (4-dimensional) 
polytope. See, for example, [191 Notes of Chap. 8]. Now take a 4-dimensional 
ball, and let a be its interior. Triangulating the boundary of the ball, which is a 



u 




z 
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3-dimensional sphere, according to A, we obtain the cell complex X := AU {a} 
such that a > T for all r G A. If there is a conical complex of the form (S, X), 
then the boundary complex of a cross section of the cone Co- G S coincides with A. 
This is a contradiction. 

On the other hand, for any 2-dimensional regular cell complex X satisfying the 
intersection property, there is a conical complex (S, X) and a monoidal complex 
M. supported by it as follows. 

Let n > 3 be an integer. It is an easy exercise to construct an affine semigroup 
M„ C satisfying the following conditions. 

(i) The cone C := M>oM„ C has exactly n extremal rays, that is, its cross 
section is an n-gon. 

(ii) For any 2-dimensional face F of C, we have F fl M„ = as monoids. 

For a 2-dimensional cell a E X, set n{a) := #{r | r < a, dimr = 1}. By the 
intersection property of X, we have n{a) > 3. The assignment Mo- := M„(o) for 
each 2-dimensional cell a gives a monoidal complex on X. 

For a conical complex (S, A") and a monoidal complex supported by S, we 
set 

:= limMo, |ZA^ | := lim ZMo, 

where the direct limits are taken with respect to the inclusions to,T '■ M,- Mo 
and induced map ZM,- — > ZMo respectively, for cr, r G A" with a > r. 

Let a,b E |ZA^|. If there is some a E X with a,b E ZMo, by the intersection 
property of X, there is a unique minimal cell among these ex's. Hence we can define 
a±be \ZM\. 

Definition 2.7 ([^). Let (S, A') be a conical complex, A4 a monoidal complex 
supported by S, and k a field. Then the k- vector space 

k[M] := kr, 

a£\M\ 

where t is a variable, equipped with the following multiplication 




if a, 6 G Mo for some a e X; 
otherwise. 



has a k-algebra structure. We call k[A^] the toric face ring of Ai over k. 

It is easy to see that dimi? = dim + 1. When E is a rational pointed fan, k[A4] 
coincides with a toric face ring of Ichim-Romer's sense (p]). Moreover, if we choose 
Co n Z" as Mo for each a, k[J^] is just an earlier version due to Stanley ([12]). 
Henceforth we refer a toric face ring of Ai supported by a fan as an embedded toric 
face ring. Every Stanley-Reisner ring and every affine semigroup ring (associated 
with a positive affine semigroup) can be established as embedded toric face rings 
(see Example 11.11) . The most difference between an embedded toric face ring and 
a non-embedded one, is whether it has a nice Z"-grading or not; an embedded 
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toric face ring always has the natural Z"-grading such that the dimension, as a Ik- 
vector space, of each homogeneous component is less than or equal to 1. However 
a non-embedded one does not have such a grading. 

Toric face rings can be expressed as a quotient ring of a polynomial ring. Let A4 
be a monoidal complex supported by a conical complex (E, X), and {ae}eeE a family 
of elements of |A^| generating k[Ai] as a k-algebra, or equivalently, {aejees H 
generates for each o" G Af. Then the polynomial ring S := k[Xe \ e & E] 
surjects on k[A^]. We denote, by Im, its kernel. Similarly we have the surjection 
:= k[Xe I tte G A^cr, e E E] ^ k[Mo-], where k[Mo-] denotes the affine semigroup 
ring of Mo-, and denote its kernel by /m„- 

Proposition 2.8 ([3 Proposition 2.6]). With the above notation, we have 

n 

Im = Am + ^ 'S'Jm^. , 
1=1 

where ai, . . . , (j„ are the maximal cells of X , and Am is the ideal of S generated 
by the squarefree monomials H/ie-f/ for which {ah \ h E H} is not contained in 
Mo- for any a E X . 

Example 2.9 ([5, Example 4.6]). Consider the conical complex given in Example 
12.41 and choose each rectangles to be a unit square. In this case, we can construct a 
monoidal complex A4 such that Mo- = Co- flZ'^™'"'^ for all a, and then u, v, w, x, y, z 
are generators of M.. We set S' := k[X„, X^, X^^ Xy, X^], where X„, . . . , are 
variables. Clearly, k[Mo] is a polynomial ring if dim a < 1, and one of the following 

"^[^Ul Xx, Xy]/ {X^Xy — XuXy), k[Xy, X^, Xy, X z] / {X y X ^ — XyX^) 

^[Xu, Xw, Xx, Xz]/ {X^Xz — XuXyj)^ 
if dimcr = 2. Therefore we conclude that 

Im = {X^Xy — XuXy, XyXz — XyX.fjj, X ^X z " X„X^ , XuXyX.fjj, XuXyXz) C S. 

We leave the reader to verify that the other squarefree monomials in Am-, e.g. 
XxXyXzi are indeed contained in the above ideal. 

In this paper, we often assume that k[M] satisfies the following condition. 

Definition 2.10. We say a toric face ring k[A1] (or a monoidal complex M) is 
cone-wise normal, if the affine semigroup ring k[Mo-] is normal for all a E X. 

If k[7W] is cone-wise normal, then k[Mo] is Cohen-Macaulay for all a E X. 
Clearly, the toric face rings given in Examples 11.11 and 12.91 are cone- wise normal. 

Remark 2.11. The notion of a cone- wise normal monoidal complex M. is equivalent 
to that of the lattice points WF(nrat) of a weak fan WF introduced by Bruns and 
Gubeladze in |2J Definition 2.6]. In this case, our ring k[M\ is the same thing as 
the ring k[WF] of [2]. 

An affine semigroup ring A = k[Mo-] has a graded ring structure A = ^.^^Ai 
with Aq = k. The toric face ring given in Example 12.91 also has an N-grading given 
by degXu = ■ ■ ■ = degX^ = 1. This is not true in general; there is a monoidal 
complex whose toric face ring does not have an N-grading. See O Example 2.7]. 
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For a commutative ring A, let Mod A (resp. mod A) denote the category of (resp. 
finitely generated) A-modules. 

Definition 2.12. Let R := k[A^] be a toric face ring of a monoidal complex A4 
supported by a conical complex (T,,X). 

(1) M G Mod R is said to be ZA^-graded if the following conditions are satisfied; 

(a) M = 0aG|ZyVf| k- vector spaces; 

(b) ■ Mb C Ma+b if a G M,^ and b G ZM^ for some a E X, and r ■ Mb = 
otherwise. 

(2) M G Mod R is said to be A<-graded if it is ZA^-graded and = for 
a \M\. 

Of course, setting Ra := kt"" for each a G we see that R itself is |A^|-graded. 
Any monomial ideal, i.e., an ideal generated by elements of the form t"" for some 
a G \A4\, is A^-graded, and hence ZAl-graded. Conversely, every ZA^-graded ideal 
is a monomial ideal. 

Let ModzM R (resp. mod^A^ R) denote the subcategory of Mod R (resp. mod R) 
whose objects are ZAl-graded i?-modules and morphisms are degree preserving 
maps, i.e., i?-homomorphisms f : M ^ N such that f{Ma) C Na for a G |ZAi|. It 
is clear that ModzM R and mod^A^ R are abelian. 

For each cr G A", the ideal po- := {t"- \ a ^ Mg-) C i? is a ZAl-graded prime ideal 
since R/pa — k[Mo-]. Conversely, every ZAl-graded prime ideals are of this form. 

Lemma 2.13. There is a one-to-one correspondence between the cells in X and 
the 'LM.-graded prime ideals of R. 

{all the ZAi- graded 1 
prime ideals of R J 
w 

-Pa 

Proof. The proof is quite the same as |8j, Lemma 2.1]. □ 

For an ideal / of R, we denote, by /*, the ideal of R generated by all the mono- 
mials belonging to /. As in the case of a usual grading, we have the following: 

Lemma 2.14. For a prime ideal p of R, p* is also prime, and hence is a 'LM.- 
graded prime ideal. 

Proof. Since the ideal can be decomposed as follows 

n = 0' 

(Timaximal 

{ per I 0" is a maximal cell of A" } is the set of minimal primes of R. Hence p must 
contain po- for some a E X. It follows that p* D p^-. Consider the images p(p) 
and p(p*) by the surjection p : R k[Ma-]. Then p(p) is prime and p(p*) is the 
ideal generated by the monomials contained in p(p), whence is prime. Therefore 
we conclude that p* is also prime. □ 



X 

a 
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Corollary 2.15. Let a be a 'LM.-graded ideal of R. Then its radical ideal ^/a is 
also 'LM.-graded. 

Proof. Since a C p* holds for a prime ideal p with a C p, we have 

and therefore i/a = flpDaP*- '-' 
3. Cech complexes and local cohomologies 

Let (S, X) be a conical complex, and M. a monoidal complex. For cr G A", set 
Tcr := {f^ \ a E Mo- } d R:= Then T^- forms a multiplicatively closed subset 

consisting of monomials. Moreover, a multiplicatively closet subset T consisting of 
monomials is contained in some T^, unless T 9 0. 

Lemma 3.1. Let M G ModzM i?, o^'i^d let T he a multiplicatively closed subset of 
R consisting of monomials. Then T~^M G Mod^x R. 

Proof. Take any x/t" G T'^M with a G \M\,hd \ZM\, and x G M^. If there is no 
(7 G A" with a, 6 G ZMq., then x/t^ = {xt'^)/t^°- = 0; otherwise, 6 — a is well-defined 
and in \ZM\. Now for A G \ZM\, set 

(T-M),:= 5^ k.^ 

Then we have T~^M = ^^^^^j^^{T~^M)x as k-vector spaces, which gives T~^M a 
I ZA^ I -grading. □ 



Well, set 



dim cr=i— 1 



and define (9 : L*^ — > by 

(9(a;) = e(r, cr) ■ nat(x) 



r>cr 
dim T=i 

for X G T~^R C L^, where £ is an incidence function on X and nat is a natural 
map T^^R T~^R for a <t. Then (L^, (9) forms a complex in Mod^x i?: 

L\ : > I/^j > L]^ > ■ ■ ■ > > 0, 

where d = dimi? = dim A* + L We set m := (t" | 7^ a G |A^|)- This is a maximal 
ideal of R. 

Proposition 3.2 (cf. [HI Theorem 4.2]). For any R-module M, 

Hl{M)^H\L\ ®nM), 

for all i. 

Proof. It suffices to show the following: 
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(1) H\L-^®rM)=HI{M)- 

(2) for a short exact sequence — > Mi — > M2 — > M3 — > in Mod the induced 
one — > ®r Mi — >• L\ ®r M2 — > (g)/? M3 — >• is also exact; 

(3) for any injective i?-module /, W^L'^^ ®r /) = for alH > 1. 

Let a be the ideal generated by elements with 7^ a G for some 1-dimensional 
cone Ca. Since Ker(L?j ®rM ^ L]^ ®r M) = H^{M), to prove (1), we only have 
to show that ^/a = m. Let p be a prime containing a. Since a is graded, we 
have p* D a. Thus there exists t E X such that pr D a, but then contains 
no 1-dimensional face. Therefore we conclude that pr = P0 = tn, which implies 
y/a = m. 

The condition (2) follows easily from the flatness of the localization. For (3), we 
can apply the same argument of Ichim and Romer [8]| for embedded toric face rings 
(but we need to use Lemma [2.14p . □ 

Let RFn, : D\ModR) D^ModR) be the right derived functor of Fn, := 
lim^ Hom(_R/m", — ), where D'^(Mod R) is the bounded derived category of Mod R. 
Recall that H'{RTmiM)) = Hi^{M) for all z and M e Mod/?. The usual spectral 
sequence argument of double complexes tells us that is a flat resolution of 
RFm(i?), and therefore we have the following. 

Corollary 3.3. For a bounded complex M* of R-modules, RFn^(M*) and L'^^rM* 

are isomorphic in D^{M.odR). 

When M is ZA^-graded, by Lemma [3H T~^R0r M is also ZA^-graded, and 
moreover the differentials of M are in ModzA^f R- Thus if M G Mod^A^f R, 

H'^{L*j^®rM) has a ZA^-grading induced by L^®M. Hence we have the following. 

Corollary 3.4. i/^(M) G Modzx R for M e ModiM R- 

4. Squarefree Modules 

In this section, we assume that all the toric face rings are cone-wise normal. Let 
(E, X) be a conical complex, M. a monoidal complex, and R the toric face ring of 
^A. For a G |Ai|, there exists a unique cell cr G A" such that rel-int(Co-) 3 a. We 
denote this a by supp(a). 

Definition 4.1. An i?-module M G mod^^^ R is said to be squarefree if it is Ag- 
graded and the multiplication map Ma 3 x ^ t^x G Ma+h is an isomorphism of 
k-vector spaces for all a, 6 G \^A\ with supp(a + h) = supp(a). 

For a monomial ideal / of i?, it is a squarefree i?-module, if and only if so is -R//, 
if and only if J = a/J. In particular, p^. and R/pa are squarefree. We denote, by 
Sq i?, the full subcategory of mod^^^ R consisting of squarefree i?-modules. As in 
the case of affine semigroup rings or Stanley- Reisner rings (see [HI [IS]), Sqi? has 
nice properties. Since their proofs are also quite similar to these cases, we omit 
some of them. 

Lemma 4.2 (cf. [UlIIS]). Let M G Sq/?. Then for a,b G \M\ with supp(a) > 
supp(6), there exists a k-linear map (p^f^ : Mb — >■ Ma satisfying the following prop- 
erties: 
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(1) ip^^ is bijective z/supp(a) = supp(6); 

(2) (fi^^^ = id and v^^ffe ° Vb!c = for a,b,c e \M\ with supp(c) < supp(6) < 
supp(a); 

(3) Fora,a',b,b' G withsupp{a) < supp(a') and supp (a+b) < supp(a'+6'), 
the following diagram 

Ma Ma+b 



^a' + b' ,a + b 



Ma' r Ma'- 



b> 



commutes. 



Let A denote the incidence algebra of the regular cell complex X over k (regarding 
A* as a poset by its order >). That is, A is a finite dimensional associative k-algebra 
with basis { e^^r | a, r G A* with a > r }, and its multiplication is defined by 



e^,„ if r = r'; 
otherwise. 



We write Co- := Co-.o- for a E X. Each Co- is idempotent, and moreover Aco- is 
indecomposable as a left A-module. It is easy to verify that ■ = if a 7^ r 
and that 1 = Xlo-eA' Hence A, as a left A-module, can be decomposed as 
A = ©.e;,Ae.. 

Let mod A denote the category of finitely generated left A-modules. As a Ik- 
vector space, any M G mod A has the decomposition M = ^^^^^ CaM. Henceforth 
we set M^ := e^M. 

For each cr G A", we can construct an indecomposable injective object in mod A 
as follows; set 

reX, T<<j 

where e^s are basis elements. The multiplication on E{a) from the left defined by 

e„ ii T = uj and v < a; 
otherwise, 

bring E{cr) a left A-module structure. The following is well known. 

Proposition 4.3. The category mod A is abelian and enough injectives, and any 
indecomposable injective object is isomorphic to E{a) for some a E X . 

As in the case of affine semigroup rings and Stanley-Reisner rings, we have 

Proposition 4.4 (cf. [Til [T5] ). There is an equivalence between Sqi? anc? mod A. 
Hence Sq R is abelian, and enough injectives. Any indecomposable injective object 
in Sqi? is isomorphic to R/pa for some a E X. 
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Proof. First, we will show the category equivalence. The object M G Sqi? corre- 
sponding to G mod A is given as follows. Set Ma := Nsupp{a) for each a G 
For a,b E \A4\ such that a + b exists, define the multiplication Ma 3 x ^ ■ x E 

Ma+b by 

Ma = A^supp{a) 3 X I ^ esupp{a+6), supp(a) " X G Nsupp{a+b) = Ma+b- 

Then M becomes a squarefree module. See [HI [15] for details (though right A- 
modules are treated in [HI [15], there is no essential difference). 

Since R/pa corresponds to E{a) in this equivalence, the other statements follow 
from Proposition 14.31 □ 

Let D^{SqR) be the bounded derived category of Sqi?. We shall define the 
functor D : D^{SqR) —* -D^(Sqi?)°P. This functor will play an important role in 
the next section. First, we choose elements a(cr) G with supp(a(cr)) = a for 
each a E X, and set y?^^^ := fa{a) a(r) M G Sq i? and a,T E X with r < a, where 
^^0(0-) a(r) map given in Lemma 14. 2[ To a bounded complex M* of squarefree 

i?-modules, we assign the complex D(M*) defined as follows: the component of 
cohomological degree p is 

i+dim C'a-=—'P 

where (-)* denotes the k-dual, but the "degree" of (M*^^))* is G \ZM\. Define 
d' : B{M*)P ©(M*)P+i and d" : D(M')p ^ ©(M')p+^ by 

d\y®T)= J2 e{a,T)-{^^';r{y)®nat{r), d"{y®r) = {-ir-{dij.r{y)^r 

T<(T, 

dim T=dim a—1 

for y E ^a(o-) with i + dim Co- = —p and r G R/pa- Here r) is an incidence 
function on X and nat : -R/po- R/Pt is the natural surjection (note that p^ C pr 
if r < (t). Clearly, (D(M*), rf' + d") forms a bounded complex in Sq R, and Lemma 
14.21 guarantees the independence of D(M*) from the choice of a(cr)'s. 

Let K''{SqR) be the bounded homotopy category of SqR. Since the above as- 
signment preserves mapping cones, it gives a triangulated functor of K''{SqR) — >■ 
ir''(Sq -R)°P, and an usual argument using spectral sequences indicates that it pre- 
serves quasi-isomorphisms. Hence it induces the functor D^{SqR) D^{SqR)°'^, 
which is denoted by © again. 

Up to translation, the functor © coincides with the functor D : D^(modA) — > 
Z}''(mod A)°P defined in p/7j, through the equivalence Sqi? = mod A in Proposition 
14. 4[ Hence by [TTl Theorem 3.4 (1)], we have the following. 

Proposition 4.5. The functor D : D\SqR) D\Sq)°P satisfies © o D = id. 

5. Dualizing complexes 
We first recall the following useful result due to Sharp ([TT]). 
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Theorem 5.1 (Sharp). Let A and B he commutative noetherian rings, and f : 
A —>■ B a ring homomorphism. Assume that A has a dualizing complex D\ and 
B, regarded as an A-module by f , is finitely generated. Then llomA{B , D\) is a 
dualizing complex of B. 

For a commutative ring A, we denote, by Ea{—), the injective huU in Mod A. Let 
(S, X) be a conical complex, Ad a cone-wise normal monoidal complex supported 
by S, and R := k[Ai] its toric face ring. Since i? is a finitely generated k-algebra, 
we can take a polynomial ring which surjects onto R. Thus, Proposition 15 . II implies 
that R has a normalized dualizing complex 

D^:0^ EniR/p)^ EniR/p)^---^ i?^(i?/p) ^ 0, 

peSpec R, peSpec R, peSpec _R, 

dim R/p=d dimR/p=d—l dim_R/p=0 

where d := dimi? = dim A* + 1 and cohomological degrees are given by 

Dr := EniR/p). 

peSpec R, 
dim R/p=—i 

On the other hand, set 

Ir ■■= R/P. 

dim_R/po-=— j 

for z = 0, . . . , (i, and define J^* ^r"^^ by 

X I— >■ £:(cr, r) ■ nat(x) 

dimk[T] =i— 1 

for X G -R/pCT C /^*, where £:(cr, r) denotes an incidence function of A", and nat is 
the natural surjection R/p^ — > R/pr- Then 

I'a-.Q-^r/^ In'^' >l'n^O 

is a complex. 

Theorem 5.2. With the above situation (in particular, R is cone-wise normal), 
is quasi-isomorphic to the normalized dualizing complex D}^ of R. 

For the embedded case. Theorem 15.21 was already shown by Ichim and Romer 
[Hj , using the natural Z"-graded structure. However, in the general case, we cannot 
apply the same argument. 

Proposition 5.3. With the hypothesis in Theorem \5.2l is a subcomplex of D'j^^. 

Proof. We shall go through some steps. 

Step 1. Some observations. 

For (T e Af, we set k[cr] := R/p„ = k[M^] and d„ := dimC^ = dimk[a] = 
dimcr + 1. Note that 
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is a normalized dualizing complex of k[a] by Proposition I5.1[ Since k[a] is Z'^'^- 
graded, we also have the Z'^'^-graded version of a normalized dualizing complex 

*DI:0^ *EkM(k[r])^ *E,f^](k[r]) ^ ■ ■ ■ ^ *i?,[.](k) ^ 0, 

dimk[T]=(iCT dimk[T]=(iCT— 1 

where *E^„j{—) denotes the injective hull in the category of Z'^'^-graded k[a]- 
modules, and cohomological degrees are given by the same way as D^. 
It is easy to see that the positive part 

ri?kH(kH)]a 

of *-E'k[(7](kM) is isomorphic to lk:[r]. Set 

■■= r^ll C *Dl (5.1) 

Clearly, /* is a complex with 

/;:= k[r]. (5.2) 

r<iT, 
dim k[T]=— i 

As is well-known, D' is an injective resolution of *D* in the category Mod(k[cr]), 
and the latter can be seen as a subcomplex of the former in a non-canonical way. 
By the construction, I* is a subcomplex of *D', and D' is a subcomplex of D'^. 
Combining them, we have an embedding /* ^ D^. Thus the problem is the 
compatibility of the embeddings /* and /* "—>■ for a, r G S. 

Step 2. Canonical embedding k[a] ^ D^. 

For a E X, let o^kfo-j be the canonical module of k[a]. By our hypothesis that 
is cone-wise normal, we see that u!k[a] is just the ideal generated by { G k[a] \ a G 
rel-int(Co-) H Mg. } (cf. [5, Theorem 6.3.5]). Whence we have the exact sequence: 

— > uJt[^] — > k[a] — > k[o-]/cJkH — ' 0. 

Since Homij(k[(T]/co'k[(T], -E'i?(k[c'"])) = 0, applying llomji{—, Eu(k[cr])) to the above 
exact sequence yields the canonical isomorphism 

RomR{k[a],ER{k[a])) ^ Rom ER{k[a])), 

and thus the canonical embedding 

RomR{uj^^],ER{k[(T])) = {xe ER{k[cx]) | p^x = } C ER{k[a]). (5.3) 

Since we have 

Homij(^k[^],D/'') = Homij(^k[^],Eij(i?/p)) = HomR(aJk[^],ER(k[a])), 

peSpec R, 
dim R/p=dcr 

in conjunction with 05.31) . we obtain the canonical embedding 

Homi^(a;k[,],D/-) C ^ij(k[a]) C 



DUALIZING COMPLEX OF A TORIC FACE RING 15 

Since }lomji{uJk[cr], Dj^'^"^^) = 0, it follows that 

Ext^'^^{uJt[^],D'ji) = Ker( }iomR{uJk[a], D^'^^) }lomR{uJt[^], D^'^^+^) ) 

= { X G Djj'^" I paX = and d^J^x) = }, 

where := { | a G rel-int(Ccr) fl } and d : D^'^'' £)-<i,T+i jg ^j^g differential 
map. Consequently, we have 

k[a] = Ext«'^-(.;,H'^^)c/^«'^ (5.4) 

canonically. 

Using this, we have a canonical injection 

Ir= n^]-^D^R (5.5) 

dimk[CT]=— i 

for each i. 

Step 3. Compatibility. 

For a,T E X with t < a, set 

Ext^[,](a;,M, *D:) := i7^( Hom^f^j (o^^m, *^:) )• 

This module has a Z'*'^ -grading, since so does cj^^t-]. Applying the same argument 
as in Step 2 (replacing R by k[a] and by *-D*), we have a canonical embedding 
which is the first injection of the sequence 

k[r] = Exi~;i]iu;u[r], *Dl) ^ *D-'- ^ D^'^ . (5.6) 

Here the last injection is not canonical. Since the inclusions *D'^ ^ D* ^ give 
the isomorphisms 

the embedding k[r] "—>■ D^'' given in (15.61) coincides with the one given in Step 2. 
(So the image of (15. 6p does not depend on the choice of an injection *_D^^^ ^ _D~ ^.) 

It is easy to see that the inclusion (15. ip (see also (15. 2p ) is same as the one given 
by (15. 6p . Therefore, through any *D* the embeddings of (15. ip and (15. 5p 

are compatible. So under this embedding, we have C /)j C Z^^j. Since I* is a 
subcomplex of DJ. for all a E X, ^^^^Iji forms a subcomplex of Z)^. 

We can take a generator 1^ Ek[a] C I^^'^" C -0^°''' for each a E X satisfying 

for some incidence function e' on X. Recall that we have fixed an incidence function 
e to define the differential of Ir. While e and e' do not coincide in general, their 
difference is well-regulated (cf. p. 265]). So, after a suitable change of {la}aex, 
we have 

5D^(la) = ^£(a,r) ■ 1^. 
Therefore we conclude that is a subcomplex of D}^ as is desired. □ 
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When i? is a normal semigroup ring, the second author showed in [181 Lemma 3.8] 
that there is a natural isomorphism between © and RHom(— , D^). The next result 
generalizes this to toric face rings. 

Proposition 5.4. There is the following commutative diagram; 

D\Sq R) ^ D\Mod R) 

RHom{-,Z)* ) 

D\Sq i?)°P D^Mod i?)°P, 

where U is the functor induced by the forgetful functor SqR ^ Modi?. In partic- 
ular, we have D(M') = RHomij(M*, D^) in D\ModR) for any M* G D\SqR), 
and hence Ext^(M*,D^) has a ZAi-grading induced by D(M*). 

Proof. Let Inj-Sq be the full subcategory of Sq R consisting of all injective objects, 
that is, finite direct sums of k[a] for various a G Af. As is well-known (cf. [7^ Propo- 
sition 4.7]), the bounded homotopy category ii'''(Inj-Sq) is equivalent to D^{SqR). 
It is easy to see that B{k[a]) = Hom^(k[(T], J^). Moreover, D(J') = Hom^(J*, J^) 
for all J* G i^^ (Inj-Sq). Since is a subcomplex of as shown in Proposi- 
tion [531 we have a chain map Hom^(J*,/^) }iom'^{J',D^). This map induces 
a natural transformation \& : U o D ^ RIIomR(-, D'j^) o U. If M G Sqi? is a k[a]- 
module, then D(M) = RHomk[^](M, D*) = RHom^lM, D^) by [H Lemma 3.8]. 
In particular, \E'(k[cr]) is isomorphism for all a G A". Hence applying [71 Proposition 
7.1], we see that \E'(M*) is an isomorphism for all M* G D^{SqR). □ 



The most part of the proof of Theorem 15.21 has done now. 

Proof of Theorem\53 Since ReSqR, we have Ir = 3{R) = RHom(i?, D'j^) = D*^ 
by Proposition 15. 4[ □ 

Let M G ModzA^ R- We can construct the graded Matlis dual G Mod^A^ R 
of M as follows: For each a G \'LAi\, {M'^)a is the k-dual space of M_a. For 
a, 6 G |ZA^| such that a + b exists (that is, a,b,a + b E Mo- for some a G X), the 
multiplication map (M^)(j 3 x i — ^ t^x G (M^)a+f, is the k-dual of M_a-b 3 U ' — ^ 
t'^y G M_a. Otherwise, t^x = for all x G (M^)„. 

It is obvious that is actually a ZAI-graded i?-module. If dim^ Ma < oo 
for all a G \ZM\ (e.g. M G modzMR), then M^^ ^ M. Clearly, (-)^ de- 
fines an exact contravariant functor from ModzM R to itself. We can extend this 
functor to the functors K\ModzM R) ^ K'' (ModzM R)°^ and D\ModzMR) ^ 
D\ModzM R)°^- We simply denote them by (-)^. 

Proposition 5.5. As functors from D^{SqR) to D^{ModzM R); '"'^ have RF^ = 
(— )'^oUoD, whereV : D^{SqR) — > D''(Modzx R) is induced by the forgetful functor 



V 



as 



SqR^ ModzMR- In particular, if M e SqR, then Hl{M) = Exf^^M , D'j^] 
ZAi- graded modules for all i. 

Proof. We use the notation of the proofs of the above results. If M G Mod^^K R, 
then the \J^\-graded part ®a&\M\ ^ clearly an i?-submodule. For r G S, 
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recall that = {t" | a G } is a multiplicatively closed set. It is easy to see 
that, for 0", r G S, the localization T^^^k[o"] is non-zero if and only if t < a. When 
T < a, the |A1|-graded part of (T~-'^k[(T])'^ is isomorphic to k[r]. 

Let be the Cech complex of R defined in Section 3. It is easy to see that 
the |A1|-graded part of (L^ 0r is isomorphic to D(k[(T]). Moreover, if J* G 

-ft'''(Inj-Sq), then the |7W|-graded part of (L^®_rJ*)'^ is isomorphic to ©(J*). Thus 
D( J*) is a subcomplex of (L^®_rJ*)'^, and there is a chain map L*^®rJ* D( J*)^. 
Recall that L\ ®r J' is quasi-isomorphic to Rrm(J*) by Corollary 13 .Si Hence we 
have a natural transformation $ : KTm — ^ {~Y o U o D, where we regard RF^^ 
and {-y o U o D as functors from K^(Inj-Sq) D\SqR)) to D^ModzMR)- 
Since $(k[cr]) is an isomorphism for all a G A", $ is a natural isomorphism by [71 
Proposition 7.1]. □ 

6. Sheaves associated with squarefree modules 

Throughout this section, is a cone-wise normal monoidal complex supported 
by a conical complex (E, X). Recall that X = IJcreA" underlying topological 

space of the cell complex X. As in the previous section, let A be the incidence 
algebra of the poset X over k, and mod A the category of finitely generated left 
A-modules. 

Let Sh(X) be the category of sheaves of finite dimensional k-vector spaces on X. 
We say JF g Sh(X) is constructible with respect to the cell decomposition X, if the 
restriction jF|o. is a constant sheaf for all 7^ a G A'. 

In [17J, the second author constructed the functor (—)"'' : mod A Sh(X). 
(Under the convention that ^ A", this functor has been well-known to specialists.) 
Here we give a precise construction for the reader's convenience. 

For M G mod A, set 

Spe(M) := y (7 X M,. 

Let 7T : Spe(M) —>■ X he the projection map which sends [p, m) E ax M„ C Spe(M) 
to p G cr C X. For an open subset U C X and a map s : U ^ Spe(Af), we will 
consider the following conditions: 

(*) TT o s = idu and Sp = ea,T ■ Sg for all p E a H U, q E t n U with a > r. 
Here Sp (resp. Sq) is the element of M„ (resp. Mr) with s{p) = (p, Sp) (resp. 
s{q) = {q, Sg)). 

{**) There is an open covering U = IJie/ ^« such that the restriction of s to Ui 
satisfies (*) for all i E I. 

Now we define a sheaf M"!" G Sh(X) from M as follows. For an open set U G X, 
set 

M\U) := { s \ s : U Spe(M) is a map satisfying (**) } 

and the restriction map M^(f/) —>■ M'^{V) is the natural one. It is easy to see that 
M"^ is a constructible sheaf with respect to the cell decomposition X. For a E X, 
let Ua- := [Jr>a^ ^® open set of X. Then we have M^(?7o-) = M„. Moreover, 
if (T < r, then we have Ua D Ur and the restriction map M^U^) —>■ M'^{Ur) 
corresponds to the multiphcation map 3 E Mr- For a point p E a, 
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the stalk {M^)p of at p is isomorphic to M^. This construction gives the exact 
functor (—)''" : mod A Sh(X). We also remark that M0 is irrelevant to 

As in the previous sections, let R = k[Jli] be the toric face ring, and SqR 
the category of squarefree i?-modules. Through the equivalence SqR = mod A, 
(— )^ : mod A —>■ Sh(X) gives the exact functor 

(-)+ : Sqi?^ Sh(A:). 

Recall that X admits Verdier's dualizing complex T>^ G D^{Sh.{X)) with coeffi- 
cients in k (see [TOl V. Section 2]). In [l7], the second author considered the du- 
ality functor D : Z}^(mod A) — >■ D''(modA). Through the functor {—^ : mod A — >■ 
Sh(X), D corresponds to Poincare-Verdier duality on Z)*(Sh(X)). More precisely, 
[T71 Theorem 3.2] states that, for M* G D''(modA), we have 

in D^{Sh.{X)). On the other hand, through the equivalence mod A = SqR, the du- 
ality D on D^{mod A) corresponds to our duality D on D^{SqR) up to translation. 
More precisely, D(— )[— 1] corresponds to D(— ), where the complex M*[— 1] of a 
complex M* denotes the degree shifting of M* with M*[— 1]* = M^~^. So we have 
the following. 

Theorem 6.1. For M' G D^{SqR), we have 

D(M')+[-l] = R7^om((M•)+,^'^) 

in D''(Sh(X)). In particular, (/^)+[— 1] = Vx, where is the complex constructed 
in the previous section. 

By Proposition ESI if M G SqR, then we have HlJ^My ^ Ext;^^(M,D^) G 
SqR. Hence HU^M) is — |7V1 |-graded and the next result determines the "Hilbert 
function" of if^(M). 

Theorem 6.2. If M & SqR, we have the following. 

(a) There is an isomorphism 

H\X,M+)^[Hi^\M)]o foralli>l, 
and an exact sequence 

(M)]o ^ Mo H\X, M+) ^ [Hl{M)], ^ 0. 

(b) IfO^aE with a = supp(a), then 

[Hl{M)U = Hl-\U.,M^\u^ 
for all i > 0. Here = [J t is an open set of X , and H*{—) stands for 

r>(T 

the cohomology with compact support. 

Proof (a) We have i7^(D(M)) = Ext*^(M, D%) = H^\My by Proposition EISl On 
the other hand, via the equivalence SqR = mod A, D(— )[— 1] corresponds to the 
duality D(— ) = RHomA(— , c^^*) of D*(modA) introduced in [17J. So the assertion 
follows from [l7l Corollary 3.5, Theorem 2.2]. 

(b) Similarly, it follows from [T71 Lemma 5.1]. □ 
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In the sequel, W{X\ k) denotes the i^^ reduced cohomology of X with coefficients 
in k. That is, H\X-\£) ^ H^X-'k) for all i > 1, and H^{X;k) © k ^ H^{X]k). 
Here H^{X; k) is the usual cohomology of X with coefficients in k. 

Corollary 6.3 (cf. Brun et al. [I4 Theorem 1.3]). With the above notation, we 
have [Hl{R)]o = H'-\X;k) and [Hi{R)]_a = Hi-\U^,kuJ for all i > and all 
^ a E Here a = supp(a), and k^^ is the k-constant sheaf on U„. 

Proof. The second isomorphism is a direct consequence of Theorem 16.21 (b) and 
the fact that = kx- So it suffices to show the ffist. By the isomorphism 
of Theorem O (a), [i^^(i?)]o = H'-\X,R+) = H'~\X,kx) = H'-\X;k) = 
H^~^{X; k) for all i > 2. Similarly, by the exact sequence of the theorem and that 
H^{R) = 0, we have ^ Rq ^ H°{X; k) ^ [HliR)]o ^ 0. Since Rq = k, we have 
[Hi{R)]o = H%X;k). □ 

We say i? is a Buchsbaum ring, if R^^' is a Buchsbaum local ring for all maximal 
ideal m'. See [13] for further information. 

Theorem 6.4. Set dimX = d ( equivalently, dimi? = d+1). Then R is Buchsbaum 
if and only ifl-C{T''x) = for all i 7^ —d. In particular, the Buchsbaum property 
of R is a topological property of X (while it might depend on char(k)j. 

Proof. Assume that 7Y'(P3s:) 7^ fo'^ some i 7^ —d (equivalently, —d + 1 < i < 0). 
Then [H'-^{I^)]a ^ for some ^ a G |-M| by Theorem O Since H'-^{I^) is 
squarefree, we have dimk(if*~^(J^) Rm) = 00. Since H^^^{I^) ®r R^ is the 
Matlis dual of i^^~*(-Rm) over the local ring R^n, we have dimj^ H^^R^) = 00 and 
Rm is not Buchsbaum. 

Conversely, assume that W{Vx) = for all i -d. Then H\r^) = [i/*(/^)]o 
for all i 7^ —d — 1, and they are k-vector spaces (that is, i?/m- modules). Hence 
H'ilji) ®_R -Rm' = for a\\ i —d — 1 and all m' with m' 7^ m. Thus Rm' is Cohen- 
Macaulay (in particular, Buchsbaum). It remains to show that Rm is Buchsbaum. 
Set T* := t^cL-iIr- Here, for a complex M* and an integer r, T^rM' denotes the 
truncated complex 

>0 — > lm{M-' M-''+^) — > M-'^^ — > M-'+^ — . ■ ■ ■ . 

By the assumption, we have H'^(T*) = [H^{T')]q for all i. Since T' is a complex 
of Al-graded modules, U' := 0o7^ae|Ai|(^*)a ^ subcomplex of T', and a natural 
map T' — > {T'/U') is a quasi-isomorphism by the above observation. Since T'/U' 
is a complex of k-vector spaces, Rm is Buchsbaum by [13, II. Theorem 4.1]. □ 

If dimX = d and R is Buchsbaum, we set ovx '■= 'H^'^{T>*x) G Sh(X). The next 
fact follows from ^ IX, (4.1)]. 

Proposition 6.5 (Poincare duality). With the above situation, we have H^{X; k) = 
H'^-'{X,orx) for alii. 

If X is a (i- dimensional manifold (with or without boundary), then R is Buchs- 
baum and orx is the usual orientation sheaf of X with coefficients in k (see, for 



20 



RYOTA OKAZAKI AND KOHJI YANAGAWA 



example, [101 HI; §8])- When X is an orientable manifold, then orx = Mx- ^^^^ 
case. Proposition 16.51 is nothing other than the classical Poincare duality. 

Assume that dimX = d, equivalently, dimR = d + 1. If i? is Buchsbaum, we 
call ur := H^'^^^{I^) E SqR the canonical module of R. Clearly, (ujfj)'^ = orx- 

Example 6.6. Recall the toric face ring R given in Example 12. 9[ whose underlying 
topological space X is the Mobius strip. Clearly, X is a manifold with boundary 
and R is Buchsbaum. It is easy to see that H^{X;k) = and orx = i\^x\dx^ 
where ^x\dx is the k-constant sheaf on X \ dX {dX denotes the boundary of 
X), and i : X \ dX X is the embedding map. Hence the canonical module 
ujn is isomorphic to the monomial ideal I with = i\k.x\gx- So we have = 
(X^X„, XzXw, XyXy, X^Xz, XyXw, X^X^), where the right side is an ideal of R. 

We say R is Gorenstein*, if it is Cohen-Macaulay and ur = R as ZAI-graded 
modules. 

Theorem 6.7. Set d := dimX. 

(a) (Caijun, [6jj R is Cohen-Macaulay if and only ifl-C'{T>*x) = for alii ^ —d, 
and H\X- k) = for all i ^ d. 

(b) Assume that d > 1 and R is Cohen-Macaulay. Then R is Gorenstein*, 
if and only if orx — "^x; ^/ ^'^^ ^^^^2/ ^/ (*^^>^)p — f^f all p E X and 
i7'^(X;k) 7^ 0. Here k^^ denotes the k-constant sheaf on X and {orx)p is 
the stalk of the sheaf orx at p. 

Proof, (a) Since dimi? = d -\- 1, R is Cohen-Macaulay if and only if H^{I^) (= 
Ext^(i?, D^)) = for all i ^ —d — 1. By Theorem 16. the above conditions 
are also equivalent to that WiV'x) = for all i ^ —d and [if*(/^)]o = for all 
i^-d-l. Since [i/*(/^)]o = {[H-\R)]oy = H-'-\X; k)*, we are done. 

(b) We show the first equivalence. If R is Gorenstein*, then orx — {^^r}^ — 
i?+ = kx- So we get the necessity. Next assume that orx (= {^^r}^) — Kx- Then 
we have that 

[uR]a = k for all 7^ a G (6.1) 
On the other hand, by Proposition [631 we have [ur]^ = [Hi+\R)]o = H'^{X; k) = 
H^{X, orx) = H^{X; k) ^ k (since R is Cohen-Macaulay and d>l, H^{X; k) = 
and X is connected). Take a non-zero element x G [ujr\o. Since ujr is a squarefree 
i?-module, M := Rx is a squarefree submodule of ur. Set 

T := {supp(a) | a G \M\,Ma = M^} = {supp(a) | a G \M\,Ma ^0}cX. 

Here the second equality follows from the condition fl6.ip . It is easy to see that 
a < T E T implies cr G T. So we have a direct sum decomposition ur = M Q) 
£\M\\r[^R]o.) ^s -R-module. On the other hand, ur is indecomposable. 
Hence ur = M = R as ZA^-graded modules. So we get the sufficiency. 

For the second equivalence, it is enough to prove the sufficiency. Since [ujr]o — 
H'^{X; k) 7^ 0, we can take 7^ x G [ujr]o. By argument similar to the above, (Rx)^ 
is a direct summand of orx- Note that X is connected and k^^^ is indecomposable. 
Since k^^^ = £xt~'^{orx,'Dx)^ orx is also indecomposable. Hence orx = (Rx)'^ = 
ky- We are done. □ 
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Corollary 6.8. The Cohen-Macaulay property and Gorenstein* property of R are 
topological properties of X (while it may depend on char(k)j. 

Proof. Most of the statement is a direct consequence of Theorems 16. 7[ It remains 
to consider the Gorenstein* property in the case dimi? = 0. Then R is Gorenstein* 
if and only if X consists of exactly two points. So the assertion is clear. □ 

Remark 6.9. The main result of Caijun [6j is much more general than our Theo- 
rems |6l7| (a). However, since he worked in a wider context, his argument does not 
give precise information of local cohomologies and canonical modules. 

Recall that admits a finite subset {flejeGS of l-^l generating k[A^] as a k- 
algebra. Then the polynomial ring S := k[Xe \ e E E] surjects on k[7Vl]. Let Im be 
its kernel (i.e., k[A^] = S/Im)- A remarkable result [HI Theorem 3.8] of Bruns et 
al. shows that (if A4 is cone- wise normal) there is a generating set {ae}eeE and a 
term order y on S such that the initial ideal my{lM) is a radical monomial ideal. 
In this case, in^(/^) equals to the Stanley- Reisner ring /a of a simplicial complex 
A which gives a triangulation of X. Hence, by a basic fact on Grobner bases, the 
sufficiency of Theorems 16.41 and 16.71 (b) follow from their result, at least under the 
additional assumption that R admits an N-grading with Rq = k. 

References 

[1] M. Brun, W. Bruns and T. Romer, C'ohomology of partially ordered sets and local cohomology 

of section rings, Adv. Math. 208 (2007), 210-235. 
[2] W. Bruns, J. Gubeladze, Polyhedral algebras, arrangements of toric varieties, and their 

groups, in: Computational commutative algebra and combinatorics. Adv. Stud. Pure Math., 

vol. 33, 2001, pp. 1-51. 

[3] W. Bruns and J. Gubeladze, Polytopes, rings, and K-theory, preliminary version. Available 
at http : / / www . math . uos . de/ staff / phpages/brunsw/preprint s . htm 

[4] W. Bruns and J. Herzog, Cohen-Macaulay rings, revised edition, Cambridge University Press, 
1998. 

[5] W. Bruns, R. Koch, and T. Romer, Grobner bases and Betti numbers of monoidal complexes, 
to appear in Michigan Math. J. (|arXiv:0707.4527 1. 

[6] Z. Caijun, Cohen-Macaulay section rings, Trans. Amer. Math. Soc. 349 (1997), 4659-4667. 

[7] R. Hartshorne, Residues and duality, Lecture notes in Mathematics 20, Springer, 1966. 

[8] B. Ichim and T. Romer, On toric face rings, J. Pure Appl. Algebra 210 (2007), 249-266. 

[9] M.-N. Ishida, The local cohomology groups of an affine semigroup ring, in: Algebraic Geom- 
etry and Commutative Algebra, vol. I, Kinokuniya, Tokyo, 1988, pp. 141-153. 
[10] B. Iversen, Cohomology of sheaves, Springer- Verlag, 1986. 

[11] R. Y. Sharp, Dualizing complexes for commutative Noetherian rings. Math. Proc. Comb. 

Phil. Soc. 78 (1975), 369-386. 
[12] R. P. Stanley, Generalized H -vectors, intersection cohomology of toric varieties, and related 

results: in Commutative algebra and combinatorics. Adv. Stud. Pure Math., 11, 1987, 187- 

213. 

[13] S. Stuckrad and W. Vogel, Buchsbaum rings and applications. Springer- Verlag, 1986. 

[14] K. Yanagawa, Sheaves on finite posets and modules over normal semigroup rings, J. Pure 

Appl. Algebra 161 (2001), 341-366. 
[15] K. Yanagawa, Squarefree modules and local cohomology modules at monomial ideals, in: Local 

cohomology and its applications. Lecture Notes in Pure and Appl. Math., 226, 207-231, 

Dekker, New York, 2002. 



22 



RYOTA OKAZAKI AND KOHJI YANAGAWA 



[16] K. Yanagawa, Stanley- Reisner rings, sheaves, and Poincare-Verdier duality, Math. Res. Lett. 
10 (2003), 635-650. 

[17] K. Yanagawa, Dualizing complex of the incidence algebra of a finite regular cell complex, 

Illinois J. Math. 49 (2005), 1221-1243. 
[18] K. Yanagawa, Notes on C-graded modules over an affine semigroup ring K[C], Commun. 

Algebra 38 (2008), 3122 -3146. 
[19] G. Zicglcr, Lectures on Polytopes, in: Graduate Texts in Mathematics, Vol. 152, Springer, 

1995 (Revised edition 1998). 

Department of Pure and Applied Mathematics, Graduate School of Information 
Science and Technology, Osaka University, Toyonaka, Osaka 560-0043, Japan 
E-mail address: u574021d@ecs.cnic.osaka-u.ac.jp 

Department of Mathematics, Faculty of Engeneering Science, Kansai Univer- 
sity, SuiTA 564-8680, Japan 

E-mail address: yanagawaOipcku . keinsai-u. ac . jp 



